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The genus y(G) of a simple graph G is the minimum genus of the orientable sur- 
face on which G is embeddable. The thickness B(G) of G is the minimum number of 
planar subgraphs of G whose union is G. From the definitions, it is clear that 
Q(G) = 1 if and only if y(G) = 0. In this paper, we will show that B(G) 5 y(G) + 1, if 
G has no triangle or if G is toroidal. 0 1987 Academic Press, Inc. 
Let G be a simple graph with the vertex set V and edge set E. The genus 
y(G) of the orientable surfaces on which G is embeddable. The thickness 
B(G) of G is the minimum number of planar subgraphs of G whose union is 
G. Let K,,. be the complete m x n bipartite graph, then it is known that 
O(K,, .) = 2, for n 3 4, and y(K,, n) = r(n - 2)/2], [ 1,5] and see [6]. Hence 
there is no bound for the genus of thickness 2 graphs. In this paper, we 
consider the thickness of the graph with genus k for a fixed value k and 
show the following. 
THEOREM. Let G be a simple graph. 
(i) Ify(G)= 1, then 8(G) =2. 
(ii) B(G) < y(G) + 1, if G has no triangle. 
There are many classes of graphs whose genus has been determined but, 
for the thickness, the known cases are few. As far as the author knows, the 
inequality in (ii) holds for all graphs whose thickness has been determined. 
Throughout this paper, we will consider a graph as a l-complex. The 
length of a path or a cycle P in a graph G is denoted by I(P). Let C be a 
cycle in G. An edge which does not belong to C but which joins two ver- 
tices in C is called a chord of C. We choose an orientation of C. For dis- 
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tinct vertices u and u in C, we will denote by C[u, v] the section of C from 
u to v which follows the orientation of C. 
Suppose that G is embedded in an orientable surface F of genus g(F). A 
cycle C in G is said to be homologous to zero if and only if C separates F 
into two submanifolds of F. Furthermore if C bounds a disk on F, we say 
that C is inessential, otherwise it is essential. Let P be a path which con- 
nects two vertices x and y in a cycle C and which is disjoint from C except 
for x and y. Then P is homologous to zero module C if P v C[x, y] or 
P u C[ y, x] is homologous to zero. 
From now on, we assume that G is connected, y(G) 3 1 and G is embed- 
ded in the orientable surface F,, of genus n = y(G). Then we can show the 
following lemma, using Theorem 2 in [3], 
LEMMA 1. There exists a cycle in G which is not homologous to zero 
on F,. 
LEMMA 2. Let C be the shortest cycle in G which is not homologous to 
zero on F,,. Then C has no chord. 
ProoJ: Suppose that C has a chord e. Then C + e contains three cycles 
C, = C[u, v] + e, C, = C[u, U] + e and C. Clearly, C, and CZ are shorter 
than C, we have a contradiction. 
Now we take a subgraph H of G by the following procedure. Let F,, be 
the surface which is obtained by cutting F,, along C, where C is a cycle 
which satisfies the condition of Lemma 2. Then there is a map n from F,, 
onto F,, having the following properties (see Fig. 1). 
(1) n-‘(C) consists of the connected components CO and ?, of the 
boundary of F,,. 
(2) Both rr 1 FE - CO and rc j pn - ?, are one-to-one. 
The graph X- ‘(G) will be denoted by g. Let fi be the subgraph of G 
induced by the set of all edges incident to a vertex in V(?O). We denote the 
subgraph X(A) of G by H. 
If there is an edge e connecting a vertex in CO to a vertex in c,, n(e) is 
a chord of C. So, fi is disjoint from ?, . Hence rc 1 l? is an isomorphism 
onto H. 
Let K be the subgraph induced by E- E(H) and let K= n: ‘(K) - V( c, ). 
Then K is isomorphic to K. Since FE is of genus n - 1, we obtain 
LEMMA 3. H and K are embeddable in a surface of genus n - 1 
For the case n = 1, H and K are planar. Hence we proved part (i) of the 
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FIGURE 1 
theorem. If N is planar, for n 3 2, we can easily prove (ii) by an induction 
on the genus of graphs. However, if G has a triangle, then H is not always 
planar, as we shall see in Remark 1. 
The rest of this paper will be devoted to proving that H is planar, when 
G has no triangle. For this purpose we consider the bridge of H with 
respect to C. From the construction of H, each vertex in V(H) - V(C) is 
adjacent to a vertex in C and C has no chord. Hence a bridge B of H with 
respect to C is a subgraph of H which consists of a vertex v E V(H) - V(C), 
all edges from v to C and all ends of these edges. We refer to [2] for the 
definition of the bridges. The vertices of V(B) n V(C) are called the 
attachments of B. If B is a path of length 1, we say that B is trivial. 
We say that two bridges B, and B, overlap if at least one of the following 
conditions holds: 
(i) There are two attachments vi and v2 of B, and two attachments 
v3 and v4 of B, such that all of four are distinct and they appear on C in 
the order v,, v3, v2, v4. 
(ii) There are three attachments common to B, and B,. 
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B, avoids B, if all the attachments of B, lie between two consecutive 
attachments of B,. If B, and B, do not avoid, they overlap [2]. If all the 
bridges of H with respect to C avoid each other, then H is planar. 
In the rest of our proof, we suppose that G has no triangle and a bridge 
that means a bridge of H with respect to C unless otherwise mentioned. 
LEMMA 4. Suppose that a bridge contains a (u, v)-path of length 2. rf 
P v C[u, v] is not homologous to zero, then I( C[u, u] ) < 2. 
Proof If I(C[v, u]) > 2, then /(Pu C[u, v]) < I(C). This contradicts the 
minimality of Z(C). 
LEMMA 5. Any bridge has at most two attachments. 
ProoJ: Assume that there is a bridge which has three attachments vO, v, 
and v2 appearing on C in the order vO, vi, v2. Then there are three edges 
ei= uiu, i=O, 1, 2, where u is a vertex in V(H) - V(C). Let P,, P, and P2 
be the (v,, ui)-, (vi, v,)-, and (v,, v,)-section of C, respectively. Since G has 
no triangle, l(Pj) 3 2, for i= 0, 1, 2. If all the cycles P,e,ueO and P,e,ue, 
and P,e,ue, are homologous to zero, so is C. Hence we may assume that 
P,e,ue, is not homologous to zero. This contradicts Lemma 4. 
From this lemma, every nontrivial bridge is a path of length 2 which 
connects two vertices in C. To complete the proof, we will consider the 
following two cases: 
Case 1. There is a nontrivial bridge which is not homologous to zero 
modulo C. 
Case 2. Any nontrivial brige is homologous to zero modulo C. 
Case 1 
In this case, we will characterize 6-I. Let p be a nonnegative integer and q 
a positive integer. We define the graph G, q as follows: Let Q = v0 e, u1 e2v2 
e3v3e4v,, be a cycle. For each pair (p, q), G,,, is the graph obtained from Q 
by joining v0 and vZ by p paths of length 2 and v1 and vg by q paths of 
length 2 (see Fig. 2). 
LEMMA 6. H is isomorphic to the union of G,, 4 and the trivial bridges. 
Proof. Let B be a nontrivial bridge which is not homologous to zero 
modulo C. Then neither B u C[u, v] nor B u C[v, u] is homologous to 
zero. From this and Lemma 4, we have Z(C[v, u]) < 2 and I(C[u, v]) d 2. 
Since G has no triangle, Z(C) = 4 and no bridge has consecutive vertices on 
C as its attachments. This completes the proof. 
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Case 2 
LEMMA 7. Let u, v, x and y be distinct vertices that appear on C in the 
order u, s, v, y. Suppose that H contains a (u, v)-path in H such that 
P n C = {u, v > and P is homologous to zero module C. Then there is no 
(x, y)-path in H disjoint from P. 
ProoJ Let ii, 6, ,?, and 3 be vertices on CO such that rr(ii) = u, ~(6) = v, 
n(a) = x, and n(j) =y. Then there is a (ii, 6)-path p such that rc(H) = P. 
Since P is homologous to zero modulo C, p separates p,:,, into 2 regions. 
From the assumption, one of the regions contains 1 and the other contains 
J. Hence every (2, J)-path intersects p. Therefore there is no (x, jJ)-path 
disjoint from P. 
LEMMA 8. Two bridges of H avoid one another. 
ProoJ Suppose the contrary. Let B, and B, be bridges that do not 
avoid each other. We denote the attachments of B, by 21, and v2, and those 
of B, by vj and v4. Since B, and B? overlap, these four vertices are distinct 
and appear on C in the order v,, v3, v2, and v4. From the assumption of 
Case 2, either B, u C[v,, us] or B, u C[v,, II,] is homologous to zero. This 
contradicts Lemma 7. 
Proof of the Theorem. We will give the proof by induction on the genus 
of graphs. As the induction hypothesis, we assume that B(G) < y(G) + 1, for 
y(G)<n- 1. 
Let G be a graph embedded in the orientable surface F, of genus 
n = y(G). We take a cycle C and subgraphs H and K by the procedure in 
the above. From Lemma 3, K is embedded in the surface of genus n - 1. 
Hence, from the induction hypothesis, K can be decomposed into k planar 
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subgraphs with k <n. Since H is planar, we obtain a decomposition of G 
into k + 1 planar subgraphs. 
Remark 1. Let G be the graph and C the cycle shown in Fig. 3. 
Since I(C) = 3, C is a shortest cycle. The subgraph His denoted by heavy 
lines. We can see H contains K,, 3. Hence H is not planar. However, since 
y(G) = O(G) = 2, the conjecture B(G) 6 y(G) + 1 is not disproved. 
Remark 2. Using Lemma 3, we can obtain the upper bound of 2” for 
the thickness of graphs with genus n. Suppose that 8(G) < 2Y(“) for 
y(G) < II - 1. Let G be a graph with genus ~1. Then, from Lemma 3, both 
y(H) and y(K) are smaller than B(G) < 8(H) + B(K) 6 2”. 
Remark 3. Planar and toroidal graphs are the only known examples 
for which the equality in our theorem holds. It seems likely that our 
inequality is not best possible when l](G) 3 2. 
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